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The Polyhedral State of Molecular Matter
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The review introduces the mathematical concept of a com-
plex, as an original way to describe the topology of a poly-
hedral molecule. It shows how this concept can be applied to
electronic structures and magnetic and vibrational proper-

ties. Using symmetry it identifies topologically invariant or-
bitals and moments.

(© Wiley-VCH Verlag GmbH, 69451 Weinheim, Germany,
2002)

1. Introduction

A molecule is a set of atomic nuclei held together by a
cloud of electrons. In its simplest representation this form
of matter can be conceived as a collection of beads held
together by strings. The mathematical concept, which corre-
sponds to this representation, is the concept of a graph.!!]
In the graph-like state only the connections between atoms
count, and there is no information on their spatial arrange-
ment. Nonetheless this representation is extremely useful,
not only to retrieve molecules in a data-base, but also to
rationalise many important molecular properties.[*!

The topic of this review will be a higher form of molecu-
lar organisation, which we describe as the polyhedral state.
Inorganic chemists already have an intuitive knowledge of
polyhedra, as structural units of many inorganic com-
pounds. In its polyhedral state, molecular matter is not just
a set of points and lines, but it is furthermore specified that
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certain closed loops of lines will form faces. In turn faces
themselves may enclose a finite region of space which is a
cell or a chamber. The mathematical concept, which corre-
sponds to this polyhedral representation, is the concept of
a polyhedral complex.?!

Unlike its graph relative, the complex concept is not
known outside mathematics. In section 2 we will thus first
have to explain its proper meaning. For this no special
mathematical background will be required, except for a gen-
eral knowledge of group theory for chemists, as may be
found in Cotton’s book.[*! In section 3 we will then repres-
ent a fundamental result about the symmetries of polyhed-
ral complexes, which opens up this concept for applications
on molecular matter. In the subsequent sections, several ap-
plications related to electronic structure and elastic and
magnetic properties of network molecules are reviewed.

2. Polyhedral Complexes
In the chemical literature a polyhedron refers to a surface

which is wrapped around a finite region of space, and con-
sists of many polygons or faces; in turn the faces are bor-
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dered by edges; finally the edges connect vertices. Chemists
are also familiar with Euler’s celebrated theorem that states
that the numbers of vertices, edges, and faces, denoted as v,
e, and f, respectively, obey the rule as given in Equation (1).

v—e+f=2 (1)

This theorem holds for any polyhedron that can be
mapped on the surface of a sphere.’] It can, however, be
generalised to polyhedral nets on surfaces with other topo-
logies as shown in Equation (2).

v—e+ f=x )

Here y is a fixed integer, the Euler characteristic, which
marks the particular topology of the surface on which the
polyhedron is embedded. As an example for a sphere with
g handles or holes, the Euler characteristic reads as given
in Equation (3) with g = 0 for a sphere, g = 1 for a torus
or doughnut, g = 2 for a pretzel etc.; g is also called the
genus of the surface.

X=2-2g 3)

Turning from chemistry to mathematics we must now be-
come acquainted with the ingredients of the polyhedral
complex in the mathematical sense. Of course the same
structural elements, vertices, edges, and faces, will appear,
but there are some nontrivial amendments, and, above all,
we must find out what happens to the Euler characteristic.

Vertices are zero-dimensional objects, and therefore are
trivial. A given vertex will be denoted as . At the next
level, an edge is already not just a line connecting two verti-
ces, but rather an arrow, pointing from one of these vertices
to the other. Hence an edge between two vertices, say v' and
W will be denoted as the ordered pair (v1v/), where we agree
to identify the first vertex, Vi, as the tail of the arrow, and
the second, 14, as its head. The ordering itself is purely a
matter of choice. We might as well denote the same edge by
the inverted ordering, (Wv'). Since the corresponding arrow
points in the opposite direction, we can write Equation (4).

(v'e?) = —(v"0) 4
v v vt v

(vi?) (viv?)

The requirement that the edges be ordered is therefore
not just a trivial feature: it transforms the edges to signed
quantities, and therefore creates algebra on the surface of
the polyhedron. At this point it is of course difficult to ap-
preciate all its implications, but we hope this will gradually
become clear in the forthcoming sections.

In a similar way a face is an ordered closed loop of verti-
ces. Consider for instance three vertices, say v\, v, and v&,
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which form a triangular face, then we may denote this face
as the ordered trio (v4v¥). This notation defines the face as
a closed loop, V' — W — y* — yi. For an external observer
this circulation will have a definite sense, either clockwise
or anticlockwise. Again if we invert the ordering, we invert
this sense, and we can write Equation (5).

(v'vIok) = —(v*70') )
vt v
v vk ol : vk
(vivivk) (v*vivt)

Vertices, edges, and faces are layers of organisation, invol-
ving objects of dimension zero (point), one (line), and two
(plane), respectively. We could also include the next layer of
3D objects or cells, but will not further consider this here.

As in all organised structures consecutive layers are in
touch. The topdown descent from higher to lower dimen-
sional objects is called bordering or taking the boundary.

The boundary of a face is a sum of the arrows along the
surrounding edges. We will avoid the rigorous mathematical
definition of this operation and write it in a simple pictorial
way as

ot vk

Ol

or as
SO W VR W) = (V) + (V) + (K ) + (V1)

where the Greek letter & represents the boundary opera-
tion. Likewise the boundary of an edge is the difference
between its head vertex and its tail

) . 8
ie— oyl — S [
vt v

or
S ) = W — il

Interestingly, not all combinations of a given level have
boundaries. As an example, when the number of incoming

and outgoing arrows on a given vertex is the same, this
vertex is not a boundary, e.g.

v* Dok

vt v? © O

I
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This part of the theory is the most interesting from our
point of view: we must look for combinations that are not
boundaries of some higher level, and have no boundaries
on some lower level. Such combinations are topological in-
variants of the polyhedron, and are extremely important
from the point of view of electronic structures. In mathem-
atics they are called homologies.®) These are the concepts
behind the Euler characteristic. Our task will be to identify
them properly, since they hold the key to the topology. To
summarise, in Table 1 we list the ingredients of a tetrahedral
complex. This complex can be embedded on a sphere and
therefore has Euler characteristic ¥ = 2. It indeed contains
two homologies, which we will try to find in the next section
with the help of group theory.

Table 1. Elements of a tetrahedral complex

Vertices or | Fidges or | Faces

Atoms Bonds

20 (001 | (v00'?)

v? (W%?) | (%)

v? (%) | (v%%0?)

v? (v'0?) | (v'v%?)
(vlv3)
(v*0®)

3. From Topology to Symmetry and Back

If the polyhedron exhibits a point-group symmetry, we
can apply its symmetry elements to the set of vertices. The
action of a symmetry element on a vertex is very simple: it
just maps this vertex on some other vertex of the complex.
It therefore can be described as a permutation of the ele-
ments in the set of vertices. Hence we can write
Equation (6), where R; is the image of 7 under this mapping.

Ryt = oMt ©)

This expression is all one needs to determine how the
ordered objects, edges and faces, of the polyhedral complex
behave under symmetry operations. Indeed one has for an
ordered pair Equation (7).

R(v'v) = (vfio™) )

The resulting image (vRivR) is again an edge, which will
also belong to the complex, although it might have been
defined in opposite order as (vRivRY) in which case we can
always rewrite the equation as Equation (8).

R(vivj) = —(vf% UR") ®)
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Similarly, mapping of face circulations under symmetry
elements may produce images that differ by a sign from the
selected list of faces, but in any case a face will always be
mapped by R on another face which will be symmetric to
the former one.

In this way we can easily determine the transformation
matrices describing the action of the symmetry elements on
the components of the polyhedral complex. These matrices
form representations of the symmetry group. In Table 2 we
introduce appropriate symbols for the representations of
vertices, edges and faces.

Table 2. Symmetry representation for the elements of a complex

Element | Symbol | Type
vertex | I'y(v) | scalar
edge I'y(e) | vector
face To(f) | rotor

Here T is the general symbol for induced symmetry rep-
resentations.”l The index o for the vertex representations
indicates that point vertices are symmetric objects with re-
spect to the symmetry elements that pass through the vertex
sites, in the same way as s or p. orbitals in axially symmetric
sites. For the edge representations the symbol || refers to the
set of arrows along the edges, while the index © in the
face-representations refers to the circular arrows on the
faces. All these representations are in principle reducible,
which means that they can be decomposed into standard
irreducible representations, which describe the basic sym-
metry patterns in the point group.

These so-called irreps can easily be found using the stand-
ard techniques of character theory.[ As an example for the
tetrahedral complex in Table 1, one immediately obtains
these representations in the 74 symmetry group, see Equa-
tion (9).

I‘a(v) A+ T
To(f) = A+Th

Of these combinations only the vertex terms are familiar
to chemists. They simply represent the SALCs (symmetry-
adapted linear combinations of atomic orbitals) of MO
(molecular orbitals) theory, and look as follows.
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The representations on the edges can be constructed in
an entirely similar way, only the constituent objects are not
s-like orbitals on the atomic vertices, but with arrows along
the edges. As an example we show the z components of T}
and T5. In the T5. combination the tetrahedron is oriented
in the upright z direction, and the arrows along the four
lateral edges are pointing upwards. The same arrows are
present in the 7. combination but now their orientation
alternates between pointing up and down. The x and y
components are oriented in an analogous way along their
respective directions.

Finally the face terms correspond to symmetry-adapted
linear combinations of circular arrows on the face centres.
Here we show the A4, and 7. components.

In Figure 1 we gather all these components in a schem-
atic overview. We have also added the boundary relations
that exist between the different layers, to this figure. It is
very important to realise that taking the boundaries of faces
or edges will not alter the symmetries. This operation indeed
simply corresponds to the expansion of the circular face
arrows to the bordering edges and the edge arrows to the

Lo(f)
A o,
A 3,
A N
A“
G

Figure 1. SALCs for the tetrahedral complex
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Ty(e)

head and tail vertices. As a result, the T face terms will be
bordered by the equisymmetric 7'} edge terms, while the 7,
edge modes indeed are bordered by the equisymmetric 75
vertex combinations.

Two combinations stand on their own, not being bor-
dered by a lower ranking component, nor being themselves
borders of some higher component: the A, vertex combina-
tion and the 4, face combination. Indeed by taking the
boundary of the latter, we generate on all edges pairs of
opposite arrows, which therefore cancel. Similarly, the for-
mer cannot be the boundary of an edge mode, since all
vertices have the same weight, implying no net changes
along edges.

Hence by using symmetry and elimination we have found
combinations, which are very special topological invariants:
they cannot be the origin or image of the boundary map-
ping.

These combinations can easily be filtered out by taking
the alternating sum of all three representations, Equa-
tion (10).

L) =Tye) 4+ Te(f) = A1+ T —T1 —Ta+ A+ T1 = A1 + A,
(10)

Indeed in this way all terms which are taking part in the
boundary will cancel.

Obviously, the structure of Equation (10) involves the fa-
miliar Euler theorem for a surface of genus zero. Indeed if
we ignore all symmetry elements, or equivalently suppose
that the only symmetry element is the trivial unit element of
the point group, all representations in Equation (10) would
reduce to multiples of the trivial 4 representation of the C;
point group, and the multiplication factor would simply

Ts(v)
N
N
N
; i ; Ay
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equal the number of vertices, edges, or faces, see Equa-
tion (11).

I,(v) = v.A
Iile) = eA (11)
Le{f) = fA

With 4, + A, — 2 A, Equation (10) then reduces to a
purely dimensional formula, v — e + f = 2, which is exactly
Euler’s result. Hence, by bringing together symmetry and
topology, it is possible to reveal the topological aspects of
Euler’s rule:

1. We understand now that, not only are the numbers
of the polyhedral structure elements related, but also their
symmetries. In this respect the number rule is just the (di-
mensional) top of a symmetry iceberg.

2. The topological invariants, which appear as the re-
mainders of the alternating sum over the structural layers,
are characterised by irreducible symmetry representations.
These symmetries are keys to relating the topological invari-
ants to chemical and physical properties.

For polyhedra, which can be mapped on the surface of a
sphere, the result in Equation (10) can be cast in the general
form as given in Equation (12).

Lo(v) =Ty(e) + To(f) =To+ T (12)

The representations I'y and I', which appear here on the
right-hand side are, respectively, the totally symmetric and
pseudo-scalar representation, which is symmetric under
proper rotations and antisymmetric under improper rota-
tions. In Mulliken’s notation for the point groups, the T’
representation receives labels such as: 4y, 4;,, or A,’, while

Table 3. Overview of topological structures for which symmetry
relationships have been derived

Topology X Polyhedron Example Ref.
hollow sphere (2D) 2 deltahedron closo-boranes 8]
trivalent fullerenes [8]
torus (2D) 0 deltahedron - 1y
trivalent carbon toroid [11]
double torus (2D) -2 pretzel - [11]
triple hoop - [11]
disk (2D) 1 polyhex benzenoid [11]
plane (2D) 0 2D periodic graphite sheet [12]
lattice
negative curvature -4 trivalent schwarzites [13]
surfaces (2D)
solid sphere (3D) 1 centred - -
concentric multishell clusters  [10]
space (3D) 0 3D periodic diamond [12]

lattice
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the corresponding I', representation is denoted as A,, A4,,,
or A,"". A general proof of this result has been given,® and
its connection to the abstract theory of homology groups
has been explained.!!

Similar results can be obtained for polyhedra with other
Euler characteristics. In each case the alternating sum of
representations will generate a characteristic set of homo-
logies.

In Table 3 we give an overview of the different topologies
we have examined so far. The final two items in the table
concern polyhedra that are embedded on a 3D surface. In
this case a further structural element must be added, which
is the cell or chamber. In the same way as faces are defined
as rings of edges, cells are closed regions of space sur-
rounded by faces. In this case the Euler theorem must be
extended to include the number of cells, ¢: Equation (13).

v—et+f-c=x (13)

As an example in the case of a body-centred tetrahedron
one hasv = 5, ¢ = 10, f = 10, ¢ = 4, resulting in the Euler
characteristic y = 1, as indicated in Table 3 for polyhedra
with the topology of a solid sphere.

4. Applications

In this section we review two typical cases of polyhedral
electronic structures and identify the topologically deter-
mined properties.

4.1 The Antibonding Orbitals in Trivalent Clusters

Electron counting rules are an important tool for ad-
dressing the problem of cluster bonding, and new develop-
ments continue to appear.'*!3] Here we will examine a
straightforward application of the general graph-theoretical
result, which is encountered in the electronic structure of so
called “electron-precise” trivalent clusters.®!

In a trivalent polyhedral cage, each cluster atom has three
neighbours. From each vertex radiate three edges, while in
turn every edge is linked to two vertices, see Equation (14).

v =2e (14)

The cluster will be completely edge-bonding if each clus-
ter atom has three valence orbital hybrids, which point
along the edges and are each occupied by one electron. This
requires one inward pointing (radial) hybrid and a tangen-
tial {py, p,} pair.
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In this way one obtains a saturated or “electron-precise”
electronic structure with precisely 3v/2 valence electron
pairs, forming an equal number of ¢ bonds along the edges.
Examples are the polyhedranes C,H, such as tetrahedrane
(v = 4), cubane (v = 8), or dodecahedrane (v = 20), or the
equivalent transition-metal clusters, built on the isolobal
Co(CO); or Ir(CO); fragments.[']

The electronic levels of such compounds were investig-
ated by Johnston and Mingos.'”!81 The 3v/2 occupied
bonding orbitals have precisely 3v/2 antibonding counter-
parts. These empty orbitals on the edges can be grouped
together in [v/2] + 1 strongly antibonding face-combina-
tions and v — 1 less antibonding vertex-localised orbitals,
Equation (15).

3v/2=[v/24+ 1]+ [v—1] (15)

Since in a trivalent cage one has 3v = 2¢ [Equation (14)]
and f = v/2 + 2, Equation (15) is just a manifestation of
Euler’s rule, written as in Equation (16).

e=[f-1+[v-1] (16)

We can now extend this rule to the symmetries of these
antibonds. Antibonds along edges with a positive head and
a negative tail have precisely the same symmetry as arrows
along edges, hence the symmetries of the antibonding shell
correspond to I'y(e).

et e

The symmetry result then predicts Equation (17).

e = [f-1] +  [v-1]

Tye) = [Fo(f)—Td + [[o(v) =Ty (17)

The first term on the right-hand side of dimension (f —
1) refers to symmetries of faces in the polyhedral complex.
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We have represented these earlier as circular arrows, which
indeed precisely correspond to the face antibonds of
Mingos and Johnston.

©-4)

The topological basis of this result clearly explains why
the number of these highly antibonding orbitals is one less
than the number of faces. Indeed if we set up an antibond-
ing combination in which all the face antibonds are rotating
in the same direction, there will be two opposite arrows
along every edge, which will therefore exactly cancel.

The second term of the equation contains the remaining
v — 1 terms, which are vertex-localised and therefore less
antibonding, as was found by the previous model calcula-
tions of Johnston and Mingos.['”] Again the topology of the
polyhedron explains why the number of these is one less
than the number of vertices. The combination that is lack-
ing transforms as I', and simply corresponds to the sum of
all vertex orbitals of o-type. This combination is of course
completely bonding, and cannot be contained in the edge-
antibonding orbitals.

We thus have found important features of the electronic
structure of trivalent clusters, which clearly belong to the
polyhedral state of molecular matter. The repartitioning of
the edge antibonds in face-related and vertex-related parts
is entirely based on the polyhedral relationships, as ex-
pressed by the symmetry extension of Euler’s rule. In elec-
tron-precise compounds both sets are empty, yielding an
electron count of 3v/2 skeletal pairs.

4.2 Electronic Properties of Toroidal Polyhedra

The invariants, which arise in the abstract topological
treatment, can be understood very simply in terms of densi-
ties and currents on a polyhedral surface.

As a simple physical example we take a model of fluid
flow on a polyhedral surface. One could think of a flooded
polyhedron, with observers on the vertices, edge centres,
and face centres. The observers on the vertices measure the
net increase or decrease in density which is taking place at
the vertices during a given time interval. They thus report
a scalar quantity, which stands for the vertex term in the
expression. The observers on the edges measure the fluid
flow along the edges. The quantity that they report is a
vectorial component of flow pointing along the direction of
the edge; this is precisely the edge term in the expression.
Finally, the observers on the faces measure net circular cur-
rents going around the face centres. This corresponds to a
component of a rotor, perpendicular to the face, as is ex-
pressed by the face term. The theorem then makes a com-
parison of these three reports: it finds that the flow along
the edges exactly accounts for the net changes of density on
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the vertices and net circulation around the face centres, ex-
cept for two modes, which leave no trace in the bookkeep-
ing of the edge currents: the simultaneous increase of den-
sity on all vertices, the I'y term, and the simultaneous rotat-
ory currents on all faces in the same sense, as expressed by
the I', term.

If the fluid consists of electrons, the first term represents
changes of the total electrical charge of the polyhedron.
This mode will be zero if charge is conserved. It cannot give
rise to charge flows over the network.

The second mode is less trivial, but in fact equally funda-
mental. It represents the total magnetic charge of the poly-
hedral cluster. Electromagnetism requires this charge to be
zero, in the absence of magnetic monopoles. Hence both
modes refer to conserved quantities which cannot be gener-
ated or annihilated by external fields.

In this respect toroidal polyhedra, i.e. polyhedral net-
works that can be mapped on the surface of a torus or
doughnut, offer far more interesting perspectives, since they
have topological invariants that have the symmetry of elec-
tric and magnetic dipoles.

For a toroidal polyhedron, the Euler theorem reads as
in Equation (18).

v—e+ f=0 (18)

The zero on the right-hand side hides no less than four
topological invariants, which make their appearance when
the theorem is written in symmetry form, Equation (19).

FU(U) - F||(e) + F@(f) = I‘0 + Fe - F(Tz) - F(Rz)
(19)

The two negative terms on the right-hand side that were
absent in the globular polyhedra, are the irreducible sym-
metry representations of the translation along the central
symmetry axis of the torus (7%.), and of the rotation about
the same axis (R.). Both these terms refer to special com-
binations of edge arrows which have no boundaries at the
vertices, and do not interfere with face circulations.['!]
These modes are represented by circular motions going
around the torus as shown in Figure 2. The I'(7.) mode
corresponds to a circulation linking the inside and outside
of the toroidal ring. It is antisymmetric with respect to the
inversion centre and horizontal symmetry plane, and sym-
metric under the principal rotational symmetry axis, exactly
as a translation mode in the z direction. On the other hand
the I'(R.) mode constitutes a circulation about the principal
axis. It is also symmetrical under this axis, as well as under
the inversion centre and the horizontal symmetry plane.

Eur. J. Inorg. Chem. 2002, 1571—1581
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Figure 2. Topologically invariant edge currents on a torus, trans-
forming as translation I'(77) and rotation I'(R.)

In ideal cylindrical symmetry, D..;, these terms match the
symmetry representations X,” and X, which are, respect-
ively, the symmetries of the electric and magnetic dipole.
Interestingly, both these invariants can be introduced by ex-
ternal fields. If one places a toroidal polyhedron in a homo-
geneous magnetic field, with its z axis parallel to the direc-
tion of the field, one will indeed induce circular bond cur-
rents on the torus, which correspond to the I'(R.) mode.
Open-shell molecules can furthermore sustain spontaneous
currents that have precisely this topology.

In contrast, the second mode, I'(7%.), is much subtler. It
introduces a moment that is known from nuclear physics!'*]
as an “anapole” moment. If one simply places the torus in
a homogeneous magnetic field along the z direction it
would not generate a permanent circulation of the type
shown in Figure 2. What is required in order to induce such
an anapole is a magnetic field that would run along the
spine or internal loop of a torus. Such a field is necessarily
inhomogeneous and requires specially designed magnet
geometries.[?l However, if the toroid is chiral the two types
of motion will belong to the same X representation and can
therefore be coupled. A homogeneous magnetic field along
the z axis is then sufficient to induce an anapole moment:
physically this means that in chiral tubes the current which
goes around the central hole of the torus follows a spiral
pattern, which includes a whirling of the I'(7.)-type. These
effects have indeed been demonstrated by model calcula-
tions on small toroidal carbon cages.l*!]

Chemistry has made steady progress towards the devel-
opment of toroidal polyhedra, formed by a molecular net-
work that can be mapped on the surface of a torus or
doughnut. First Liu et al.l??! reported the observation of
closed tubular structures in a batch of multiwalled nano-
tubes. Later on it was shown by Martel et al.[>’] that single-
walled carbon nanotubes could be bent by treatment with
ultrasonic waves. The STM images of these structures show
nice toroidal shapes, but the authors warn that these are
very likely coils rather than tori. Very recently Sano et al.[>4
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have managed to induce chemical bonds between the func-
tionalised edges of a nanotube.

5. Complexes and Bundles

So far we have defined a polyhedral complex as a set of
vertices with edge and face relationships. We now come to
the next step, which is to define functions, which are centred
at the vertex positions. As an example we may be interested
in the elastic properties of clusters. In that case we define on
each cluster atom, three Cartesian displacement coordinates
and solve the equation of motion in this space of 3v dis-
placements.

The special mathematical structure which is created in
this way has the following ingredients: i) the set of vertex
points or nodes of the complex, referred to as the base
space B, ii) a unitary model space of functions, W, repres-
enting the object which will be associated with the indi-
vidual vertices, in our example W contains the three Carte-
sian displacements, W = (Ax, Ay, Az), and W; = (Ax;, Ay;,
Az;) then corresponds to the Cartesian displacements of
vertex v', iii) the total function space containing all 3v dis-
placements of the complex, £ = {W;};_;, and finally iv)
the projection p which connects a given object to its node,
pW; = v\ This link constitutes a fibre, and the total struc-
ture (E, B, W, p) is a fibre bundle.*! With this structure
our next task is to find out what happens to the topological
invariants, which we have detected in the base space. Hence,
what will be the functional forms they connect to?

Again this question can be solved by group-theoretical
means. We first derive the symmetry representations of the
functional space, and then insert in these expressions the
symmetry relations of section 3.

We will illustrate this for the case of the displacement
space. To obtain the answer we need to look at a funda-
mental result of the theory of induced representations.!”-26]
It states that the representation of the 3v displacements of
a cluster with v vertices or atoms is simply given by the
direct product of the vertex representation, I'(v), with the
symmetry of the three translations, I'(7); Equation (20).

Loy, (v) = To(v) x I(T) (20)

This product representation is usually called the mechan-
ical representation, while the vertex representation is obvi-
ously the positional representation. The connection in this
case is obviously very simple, since it takes the form of a
direct product.

We can now substitute the vertex term to yield Equa-
tion (21).

Ts:(v) = [[y(e) = To(f)] x T(T) + [To + T x I(T)

@n
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The invariants in this equation are both multiplied by
T'(T). These products can easily be evaluated, since multi-
plication with the totally symmetric representation, Iy, is a
unit operation, while multiplication with the pseudo-scalar
representation, I';, changes the parity and thus turns trans-
lations into rotations, see Equation (22).

To xT(T) =
T xD(T) =

I(T)

T ( R) (22)

Hence the forms in the displacement space, which corre-
spond to the topological invariants of the positional space,
are found to transform as the translations and rotations.
The topological invariants of the complex thus connect to
the collective motions that form the six external degrees of
freedom of the cluster. In view of this special topological
connection, these are indeed separate solutions of the dis-
placement problem that cannot mix with the internal
elastic modes.

In the next section we will show how the mechanical rep-
resentation can further be resolved in the case of deltahed-
ral clusters. In a further application we will also meet these
special functional forms in the Fermi region of fullerene
clusters.

6. Applications

Here we review two applications where functions are de-
fined on a complex. One concerns atomic displacements,
and the other atomic orbitals.

6.1 The Complete Force Field of Deltahedral Clusters

A deltahedral cluster is made up of triangles. The proto-
type is the closoborane series, B,H,>~. Through the isolobal
analogy several carbonyl transition-metal clusters have been
synthesised with similar structures.

Deltahedral polyhedra are the dual forms of the trivalent
polyhedra, discussed in section 4.1. The Euler relationship
for trivalent cages, 3v = 2¢ [Equation (14)], can thus be con-
verted into its dual form, which is valid for deltahedral
cages; Equation (23).

3f=2e (23)

By combining this expression with Euler’s theorem, we
obtain a relationship between numbers of vertices and
edges; Equation (24).

Jv—6=e (24)

One immediately recognises in this equation the number
of internal degrees of freedom 3v — 6 of a molecule with v
atoms. This number is equal to the number of edges, e. The
necessary and sufficient condition that the set of all stretch-

Eur. J. Inorg. Chem. 2002, 1571—1581



The Polyhedral State of Molecular Matter

MICROREVIEW

ings of edges would form a nonredundant set of vibrational
coordinates is that not only the number but also the sym-
metries coincide. This equivalence of the vibrational and
edge representation is indeed a fact for all deltahedra that
can be mapped on the surface of a sphere. The proof is
contained in the following fibre equation,®! that is valid for
deltahedra; Equation (25).

Te(v) x I(T) — T(T) = T(R) = Lo (e) (25)

On the left the first term of dimension 3v is the repres-
entation of all Cartesian displacements of all atoms. From
this we subtract the six external modes, comprising the
translations and rotations. On the right I'5(e) is the sym-
metry representation of the set of edge centres. The stretch-
ing of an edge is o-symmetric with respect to all symmetry
elements going through the edge, and therefore is also co-
vered by I'g(e). This expression is highly relevant for the
force field of deltahedral clusters. It states that the symmet-
ries of the displacements of the cluster atoms span the sym-
metries of the edge stretchings plus the six external degrees
of freedom. Hence the edge stretchings exactly match the
internal degrees of freedom. By putting a spring on every
edge of a deltahedral cluster we construct a complete force
field. The potential energy of this cluster can thus be writ-
ten as given in Equation (26), where (ij) is the edge between
atoms 7 and j and the summation runs over all edge pairs.

2V = ) i) mmy ATi5) ATy

26
(i5) (mn) 20

This equation is a typical example of a polyhedral rela-
tionship: a property of the vertices, in this case a displace-
ment, is related to a property of a higher structural com-
ponent, here the stretching of an edge. A mechanical proof
of this property was already known to the famous French
engineer and geometrician, Cauchy.?”! Boyle and Parker,®!
in their study of force fields in dodecaborane, noted the
peculiar identity of the symmetries of the internal modes
and the edge stretchings, but did not realise it was a general
result for all deltahedra, which derives directly from the
symmetry extension of Euler’s theorem.

Table 4. Force constants for By, in N/m

constant value
k1 (ij)(ij) 221.48
ko (ij)(m) -33.12
ks (ij)(ik)  41.46
ky (ij)(km) -29.57
ks {if){lm) -17.36
ke (if)(kl)  17.56
kr  (ij){kn) 0.88
ks {ij){ln)  -3.95
kg (ij){no)  8.06
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Figure 3. Vertex labelling for the boron skeleton in dodecaborane

In a recent study,*®! we have calculated the Hessian for
B,,H;>?> ", using DFT techniques, and then derived the force
constants. The results are listed in Table 4, following the
bond labelling in Figure 3. It can be seen that the interac-
tions between the bond stretchings decrease when the bonds
are further apart, but quite remarkably, even bonds that do
not have a common atom, still interact significantly. This
confirms the delocalised nature of the bonding in these elec-
tron-deficient compounds.

6.2 The Frontier Orbitals of Fullerenes

In the innumerable fullerene family, Buckminsterfuller-
ene, Cg, stands out in several ways. It is the smallest cage
where all pentagons are isolated, and this contributes
greatly to its stability, but in addition it is also a closed-
shell molecule. In this respect it is the smallest member of
the leapfrog class of closed-shell fullerenes.*% A leapfrog
fullerene, Cs,, is constructed from a smaller fullerene, C,, by
first capping all of its faces and then taking the dual of
the resulting polyhedron. Since the smallest fullerene is the
dodecahedron with twenty carbon atoms, the smallest leap-
frog fullerene will indeed be Cg.[?!

The leapfrog construction (Figure 4) implies that the ver-
tices in the parent will be transformed into hexagonal faces
in the leapfrog. As a result all original faces will be sur-
rounded by a ring of hexagons. This corresponds precisely
to the “dilution” of the dodecahedron by hexagons to pro-
duce the familiar football shape.

The edges of the parent are also present in the leapfrog
but are rotated by 90°. In Cgq they correspond to the thirty
edges separating the hexagons.

As a result the n-bonding in a leapfrog can be described
by two extreme bonding schemes: either we put ethylenic
bonds on all edges, that are derived from the edges of the
parent cage, or we put aromatic sextets to all faces that are
derived from the parent faces.

In Figure 5 these bonding extremes are connected in a
Walsh-like correlation diagram, where we can move from
the left to the right by gradually increasing the double-bond
lengths and decreasing the single-bond lengths.[3?]

On the left we have thirty isolated double bonds and thus
thirty n-bonding orbitals and an equal number of m-anti-
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Figure 4. The leapfrog transformation; P is a piece of the parent,
L 1s the leapfrog; vertices in P are hexagon centres in L; faces in P
remain faces in L
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Figure 5. Walsh diagram for Cg, with correlation between two
bonding extremes: a “Fries” structure on the left with localised
double bonds between pentagons, and a “Clar” structure on the
right with aromatic sextets on the pentagon

bonding orbitals. On the right we recognise the bonding
orbitals of twelve isolated pentagons, with the bonding &
and = shells that form the aromatic sextet, and antibonding
d-type orbitals. When we move away from the bonding ex-
tremes the localised levels broaden and become the molecu-
lar orbitals of Cgy. Quite remarkably, the symmetries of all
thirty bonding combinations on the left are present in the
thirty-six bonding combinations on the right. The six re-
maining combinations will correlate with the ©* orbitals on
the left, and cross the nonbonding line almost halfway be-
tween the two extremes. As a result Cy has a closed shell
of thirty bonding orbitals, followed by a set of low-lying
almost nonbonding orbitals. These transform in icosahedral
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symmetry as T, and T, representations, which happen to
be the representations of translation and rotation.

This pattern is characteristic for all leapfrog fullerenes.
There is always a set of six low-lying frontier orbitals with
the I'(T) + T'(R) symmetry. For a general leapfrog fullerene
the number of bonding orbitals on the left will be equal to
the number of edges, e, in the parent. Similarly, the number
of bonding orbitals on the right will be equal to three times
the number of faces, 3f, in the parent. These numbers in-
deed differ by six, see Equation (27), which follows from
Euler’s rule, for trivalent cages.

6=3f—6 (27)

As in the previous example, for the correlation in the
Walsh diagram to hold, more is required than a simple di-
mensional agreement. The symmetries of the bonding or-
bitals on the left should match the symmetries on the right.
This is indeed the case according to the following fibre rule
for trivalent cages, which is of course the dual of the fibre
rule for deltahedra in Equation (25), see Equation (28).

Tole) =To(f) x I(T) - T(T) — I(R) (28)

The T's(e) term in this equation precisely corresponds to
the symmetries of ethylenic bonding orbitals on the edges
of the parent, since these are symmetric combinations of
the p. orbitals at either end of the edge. The left-hand side
of the expression thus describes the symmetries of the
bonding combinations on the left of the Walsh diagram.
Similarly, the term I's(f) X I'(T) spans the symmetries of
the aromatic sextets on the right of the diagram: each aro-
matic sextet comprises three orbitals which transform as o,
., and m, with respect to the centre of the pentagon: i.e. a
set which transforms as the three Cartesian components.
The direct product I'y(f) X I'(T) then generates the bonding
orbitals on all twelve pentagons. The group-theoretical re-
sults then state that for any fullerene which is a leapfrog,
matching of the two bonding extremes will provide a
closed-shell structure, with a set of low-lying orbitals trans-
forming as I'(7) + I'(R).

These special frontier orbitals are once again defined as
the fibre, which connects to the topological invariances of
the polyhedral complex.

A similar analysis can also be extended to other trivalent
cages containing triangular or quadrilateral defects. It has
also been performed for the graphene sheet.['”) In this case
the topologically relevant orbitals are identified as the four
semi-occupied nonbonding orbitals in the K-point of the
honeycomb lattice.

Conclusion

In many respects molecules are graph-like objects. The
Hiickel model is essentially based on the molecular graph.
Probably in the whole of quantum chemistry, there isn’t a
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single theory that can compete with this model in terms of
minimal effort for maximum relevance.

In this review we point to the existence of equally general
molecular relationships, which go beyond the vertex-edge
picture, and imply face structures. Especially in the area of
clusters and network molecules this leads to useful new in-
sights, both for the description of electronic and elastic
properties. In the polyhedral complex steric aspects of mo-
lecular structure are taken into account. Note that the ele-
ments of a complex are not spatial coordinates, but rela-
tionships between atomic nodes.

Further theoretical efforts are certainly needed to expand
the theoretical framework. The fibre bundles that we have
considered in section 6 are indeed trivial examples, where
the connection is a straightforward product. More intricate
problems are offered by the description of tunnelling be-
tween Jahn—Teller minima on a surface. These await fur-
ther analysis.

We finally hope the present microreview will invite chem-
ists to acquire a practical understanding of topological con-
cepts. Our main ally in applying these concepts to molecu-
lar properties clearly is group theory. Group theory and to-
pology are not rival mathematical disciplines but go admir-
ably together, reinforcing each others results.
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